QUADRATIC VARIATIONAL THEORY AND LINEAR
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS(})

BY
MAGNUS R. HESTENES

1. Introduction. One of the basic chapters in the calculus of variations is
the study of integrals that are quadratic in the dependent functions. The
Euler equations for such integrals are self-adjoint linear differential equations.
The study of the second variation of a typical variational problem is essen-
tially the study of quadratic integrals of this type. Simple integral problems
lead to the study of ordinary differential equations and multiple integral
problems lead to study of partial differential equations.

The study of quadratic functionals has always played an important role
in the calculus of variations. However those arising from the various varia-
tional problems normally have been treated separately. The author has been
convinced for many years that Hilbert space methods can be used to obtain a
unified theory for these problems. In 1951 the author published a paper
[11](®) giving the fundamental theorems on quadratic forms in Hilbert space
that are pertinent to problems in the calculus of variations. As is to be ex-
pected the quadratic forms that are of interest in variational theory have
certain special properties. The most important class is comprised of those
forms that can be made positive definite by the addition of a suitably chosen
completely continuous quadratic form. The author called these Legendre
forms, because in the applications to the calculus of variations these forms
are characterized by the condition of Legendre in its strengthened form. In
the theory of partial differential equations Gaarding’s inequality [8] is equiv-
alent to the statement that a certain quadratic form is a Legendre form. The
coercieve integrodifferential forms of Aronszajn [1] are also Legendre forms.
The second important class of quadratic forms are those that are lower semi-
continuous with respect to weakly convergent sequences. These are the ones
that can be made nonnegative by the addition of a completely continuous
quadratic form. In variational theory they are normally characterized by the
Legendre condition in its weaker form.

In addition to the study of Legendre forms and weakly lower semi-con-
tinuous forms, the author studied a theory of indices of these forms and a
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generalized theory of focal points. These are concerned with boundary value
problems and Sturm Liouville theory. A sketch of the application of this
theory to simple integral problems and ordinary differential equations was
given. The application to multiple integral problems and to partial differen-
tial equations was postponed, except for some minor remarks. However, cer-
tain applications to multiple integral problems were kept in mind in the
formulation of the theory.

One of the reasons for omitting the applications to multiple integral prob-
lems in the earlier paper was that a suitable condition of Legendre for mul-
tiple integral problems had not been completely established. In view of the
results given by Graves [9] and Van Hove [24] the condition of Legendre at
interior points of the region was essentially known for integrals involving
derivatives of the first order. The corresponding results for integrals involving
higher derivatives is a corollary of analogous results in the theory of partial
differential equations developed by Gaarding, Friedrichs, Browder, and
others. A suitable condition of Legendre at boundary points has not been
established in the general case. If the boundary is sufficiently smooth, a satis-
factory condition can be formulated and is so formulated in the present paper.
This result is sufficiently general so as to yield the analogous results given by
Aronszajn and Schechter for partial differential equations. When the results
here given are applied to the theory of partial differential equations, one
obtains necessary and sufficient conditions for Gaarding’s inequality to hold.

In a certain sense the present paper is incomplete in that the implications
of index theory to multiple integral problems have not been carried out and
the applications to boundary value problems have been omitted. The exten-
sion of the theory of conjugate points and focal points to multiple integral
problems has been omitted also. This extension has been carried out in part
by Dennemeyer [6].

As is to be expected, the theory developed here is applicable to the theory
of partial differential equations of elliptic type. These applications are de-
veloped in part in §§12 and 13, where it is recalled again that conditions of
ellipticity for differential equations are equivalent to conditions of Legendre
of certain integrals. It is shown, in particular, that if a partial differential
equation is elliptic in a suitable sense, the strong solutions always exist for
the compatible case. This is done without first establishing the existence of
weak solutions. Moreover, differentiability theorems are obtained. Again the
discussion is incomplete. However, it is hoped that sufficient material has been
given to illustrate the applications to partial differential equations.

The literature on this subject is large. A brief list of references is given at
the end of the paper. Further references can be found in these papers. As is
to be expected, there is a close connection between the ideas and methods pre-
sented in the present paper and in the earlier paper to those given by various
writers in the theory of partial differential equations. In this connection the
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author is particularly indebted to Aronszajn, Browder, Friedrichs, Gaarding,
Hérmander, Morrey, Nirenberg, Schechter and van Hove. In particular free
use has been made of the ideas given by Schechter.

The results here given can be used to establish a very general sufficiency
theorem for weak relative minima for multiple integral problems in the
calculus of variations. The proof can be made by the indirect method used
previously by the author [12].

2. Preliminary remarks. The purpose of this section is to recall some re-
sults in the theory of Hilbert space that will be useful in the present paper.
We shall use the notations and terminology used previously by the author
[11], except for some minor exceptions. _

Let A be a Hilbert space over the field of reals or over the field of com-
plexes. The symbols x, 9, z, - - - normally will denote elements of % and the
symbols a, b, ¢, - - - will denote scalars. As is customary, we denote the
inner product by (x, ¥) and the norm by [|x|| =(x, x)Y2, A sequence {x,,} in
A will be said to converge weakly to xo, written x,—x,, if (x4, ¥)—(x0, ¥) for
each y in . A sequence {x,} in % will be said to converge strongly to x,, writ-
ten x,=xq, if || — x| —0.

A bounded linear functional L(x) on % will be called a linear form on 9.
A functional Q(x, y) on AXA will be called a bilinear form in U if Q(x, y)
and the conjugate Q(y, x) of Q(y, x) are linear forms in x for each y in ¥. If
in addition Q(x, y)=0(y, x), then Q(x) =Q(x, x) will be called a quadratic
form on A. The terms positive, nonnegative, negative, nonpositive quadratic
forms on U are self-explanatory. A quadratic form Q(x) will be said to be
positive definite on U if there is a real number >0 such that Q(x)gh”x”2
holds on .

A quadratic form K(x) will be said to be w-continuous (completely con-
tinuous) on U if K(x,)—K(xo) whenever x,—x,. A quadratic form Q(x) will
be said to be wis-continuous on A if lim inf ., Q(x4) = Q(x¢) Wwhenever x,—x,.
A quadratic form Q(x) is wis-continuous if and only if it is expressible in the
form

(2.1) Q(x) = P(2) + K(x)

where P is nonnegative and K is w-continuous. If Q is representable in the
form (2.1) on ¥ as the sum of a positive definite form P and a w-continuous
form K, then Q will be called a Legendre form. As was shown by the author
a quadratic form Q is a Legendre form if and only if it is wls-continuous and
x =%, whenever x,—x, and Q(x,)—Q(xo). Moreover it is a Legendre form
if and only if it is positive definite in the orthogonal complement of a finite
dimensional subspace of %. Legendre forms play a fundamental role in the
calculus of variations. In the present paper they will be used in order to
establish existence theorems for partial differential equations of elliptic type.

Given a quadratic form J(x) we say that two vectors x and y are J-orthog-
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onal in case J(x, y) =0. The class of all vectors that are J-orthogonal to the
vectors in a given class ® will be called the J-orthogonal complement of ® and
will be denoted by ®’. Clearly ®’ is a subspace of U. The vectors in the class
®o=®BMN®’ will be called the J-null vectors of B. The dimension of ®, will be
called the nullity of J on ®. If ®, consists only of the vector x=0, then J
will be said to be nondegenerate on ®. The quadratic form will be said to be
nonsingular on a subspace ® of ¥ if given a linear form L on ® there is a
unique vector y in ® such that L(x) =J(x, ¥) on ®. In this event J is non-
degenerate on ®.

3. Auxiliary theorems. The purpose of this section is to establish certain
properties of Legendre forms, that characterize these forms. These results
are useful, not only in the existence theorems here given, but also in the
theory of the second variation for simple and multiple integral problems in
the calculus of variations.

THEOREM 3.1. Let P, Q be quadratic forms on . If P(x) 2 Q(x) on A and
Q is wis-continuous on N, then P is wis-continuous on N. If P(x) ZQ(x) on A
and Q(x) is a Legendre form on N, then P is a Legendre form on . If P is
positive definite on U, then Q is wisc on U if and only if for every positive number
€ the quadratic form Q-+ e€P is a Legendre form on U. If P is positive definite on
N, then Q is a Legendre form on N if and only if there is a positive number h
such that Q—hP is wls-continuous on N.

This result follows readily from the definitions and results given in the
preceding section [11, pp. 545, 553].

THEOREM 3.2. Let K be a w-continuous quadratic form on U and let J be a
quadratic form on A. Suppose that J(x) >0 whenever K(x) =0 and x =0, Then
J is a Legendre form on U if and only if there is a real number b such that
J4bK 1s positive definite on U.

This result has been established previously by the author [11, p. 561].

THEOREM 3.3. If J is a quadratic form on U then there exist unique sub-
spaces Ay, No, A_ of A that are mutually orthogonal and J-orthogonal and are
such that J is positive on N, 1s negative on A_ and is zero on Wo. The class Ny
is the class of J-null vectors on .

This result follows from a standard theorem on bounded linear operators
and has been established by the author [11, p. 543].

COROLLARY 1. If the dimension of Uy is infinite or if the dimensions of A,
and A_ are both infinite there exists an infinite dimensional subspace C of A
on which J 1s w-continuous.

If 9, is of infinite dimension, select € =%. Consider next the case in which
9, and 9_ are of infinite dimension. Let {y.} and {z.} be orthonormal se-



310 M. R. HESTENES [November

quences in %A, and YU_ respectively and having the additional property that
JYmy Yn) =JT(Zm, 2.) =0 (ms=n). Set x,=y, cos 0,+3z, sin 0, where 0, is
chosen so that

J(xa) = J(yn) cos? 0, + J(2,) sin?6, = 0, n=123---.

-

Since J(xn, x,) =0, as one readily verifies, it follows that J(x)=0 on the
subspace @ of ¥ spanned by the orthonormal sequence {x.}. Hence J is w-
continuous on €, as was to be proved.

Observe that if we choose 0, above so that 0 <J(x,) <1/2* then J will be
positive on @, as well as w-continuous on @, In this selection it is immaterial
whether 2, is in %_ or in ¥,. Hence we have

CoROLLARY 2. If U, 45 of infinite dimension and if at least one of the sub-
spaces Ao and A_ is of infinite dimension, then there is an infinite dimensional
subspace @ on which J is positive and w-continuous.

As a further result in this direction we have

THEOREM 3.4. A positive quadratic form P on U is positive definite on A if
and only if every subspace C of U on which P is w-continuous is of finite dimen-
sion. A positive quadratic form is positive definite on U if and only if for every
linear form L(x) there is a vector y in A such that L(x) =P(x, y) for all x in .

Suppose that P is w-continuous on a subspace € of A and that P is posi-
tive definite on ¥. Let {x.} be a sequence in € that converges weakly to a
vector xo. Then P(x,)—P(xo) and hence x,=x,. Hence weak and strong
convergence are equivalent on € and € must be of finite dimension.

Suppose next that P fails to be positive definite on % Then, as is easily
seen, one can select an orthonormal sequence {x,.} such that J(xm, x,)
=0 (m#n) and J(x,) £1/2 Then, on the space spanned by {x.} we have

J@) = 3 I a2

n=1

where a,=(x, x,). Since J(x,) =1/2" it follows that J(x) is w-continuous on
@. The last statement was established previously. This proves ¢he theorem.

LeEMMA 3.5. Let J be a quadratic form on N. Then either J or —J is a
Legendre form on U if and only if x,=0 whenever x,—0, J(x,)—0. Moreover,
J or —J is a Legendre form on U if and only if every subspace C of A on which
J is w-continuous s of finite dimension.

The first statement in the theorem has been established previously by
the author [11, p. 553]. In order to prove the second statement suppose that
no subspace € of ¥ on which J is w-continuous is of infinite dimension. Then,
by Corollary 1, the dimension of %, is finite, as is the dimension of % or of
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A_. Suppose therefore that A_ is of finite dimension. By Theorem 3.4, J is
positive definite on 9. Since %, is the orthogonal complement of a subspace,
namely o+U_, of finite dimension, it follows that J is a Legendre form. The
converse follows readily from the first statement in the theorem.

COROLLARY. If J is a Legendre form on %, the subspaces Ao and A_ described
in Theorem 3.3 are of finite dimension. In particular J is of finite nullity on .

This result follows from the fact that —J(x) =20 on €=%,+%_ and hence
is wis-continuous on @. Since J is also wils-continuous on @, it follows that J
is w-continuous on €. Hence € is of finite dimension, as was to be proved. The
nullity of J on ¥ is the dimension of ¥,.

THEOREM 3.6. Let J(x) be a quadratic form on N and let B be a subspace
of U. Suppose that B possesses an infinite dimensional subspace on which J is
nondegenerate, then either J or —J is a Legendre form on ® if and only if one
of the following conditions is met.

(a) The relation A= C+C' holds for every subspace C of ® on which J 1is
nondegenerate.

(b) The relation (CMEY)! =C+C’ holds for every subspace € of ®.

(c) Given a subspace @ of ® on which J is nondegenerate and a linear
form L, there is a unique vector y in @ such that L(x) = J(x, y) for all x in C.

(d) Given a subspace C of ® and a linear form L such that L(x)=0 on
CN\C/, then there is a vector y in C such that L(x)=J(x, y) for all x in €.

The equivalence of the conditions (a), (b), (c), (d) has been established
previously by the author(®). Moreover, it was shown that these conditions
are all necessary.

Suppose now that condition (c) holds. Then by Theorem 3.4 J is positive
definite on every subspace ®, of ® on which it is positive and negative definite
on every subspace ®_ of ® on which it is negative. This is possible, by Theo-
rem 3.4 and the corollaries to Theorem 3.3, if and only if J is w-continuous
on no infinitely dimensional subspace € of ®. Hence either J or —J is a
Legendre form on ®, by virtue of the last theorem.

THEOREM 3.7. Let J be a Legendre form and let K (x) be a positive w-continu-
ous quadratic form. A quadratic form H(x) is w-continuous on N if and only if
given an €>0 there is a constant b such that

3.1) | H@x)| < eJ(x) + bK (%)
holds on .

(3 [11, pp. 554-556]. In this reference, these conditions were given necessary and sufficient
conditions for “quasinonsingularity,” and it was shown that every Legendre form was quasinon-
singular. The converse was not estahlished. In Theorem 12.4 of the paper cited one should add
“and of finite nullity.”
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If H(x) is w-continuous, then eJ+H and e¢J—H are Legendre forms,
where €>0. By virtue of Theorem 3.2 there is a constant b>0 such that
eJ+H+bK and eJ—H+bK are positive definite. Hence (3.1) holds. Con-
versely, suppose that for every positive number € there is a positive number
such that (3.1) holds. If {x,.} is a sequence in ¥ such that x,—0, it follows
from (3.1) that

lim sup | H(x,.)l < elimsup J(xn).
7= o N0
Since e is arbitrary we have lim,., H(x.) =0, that is, H is w-continuous, as
was to be proved.

4. Connections between Legendre forms and operators. Consider now a
second Hilbert space %’ having the same scalars as . Its elements will be
denoted by x', ', - - -, its inner product by (x, ¥')’ and its norm by ”x’“’.

Let A be a bounded linear operator on ¥ to A’. Let ®4 be the range of 4
and N, its null space, that is, all x in A such that Ax=0. The dimension of
N4 will be called the nullity of A on A. We shall be concerned with finding
conditions which will insure the solvability of the equation Ax=x', when x’
is prescribed. Clearly if a solution exists, then &’ must be orthogonal to the
null space of the adjoint A* of 4. This condition is sufficient if and only if
the range ®4 of A is the orthogonal complement of the null space of 4%,
that is, if and only if ®,4 is closed. A criterion that &4 be closed is given in the
following.

THEOREM 4.1. A necessary and sufficient condition that the operator A be of
finite nullity and that its range be closed is that the quadratic form J(x) = J(x, x)
defined by the bilinear form

4.1 J(x, y) = (Ax, Ay)’
be a Legendre form on ¥.

Observe that since J(x) =||4x||’2=0if and only if Ax=0 the J-orthogonal
complement A7 of A is N4. Suppose now that J is a Legendre form on ¥. Then
the dimension of N4 =Ao=’ is finite, by the corollary to Theorem 3.6. Let
y' be an element in the closure of ®4. The linear form

L(x) = J(4x, y")
vanishes on N4. By Theorem 3.6 there is accordingly a vector y in % such
that the relation
0= L(x) — J(x,9) = (4=, y' — Ay)
holds for all x in ¥U. Since ¥’ is in the closure of ®,4 this is possible only in

case ¥ =Ay. Hence ®4 is closed.
Suppose next that 4 is of finite nullity and that its range is closed. Then
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J is of finite nullity. We can assume that 94 =0 since this can be obtained by
restricting 4 to the orthogonal complement of R4. Moreover we can suppose
that %' = ®4. Then 4 has an inverse 4~! whose domain is in %’. Since 4 is
closed so also is A~'. It follows that A-! is bounded. There is accordingly a
constant m >0 such that

1
[4=2]| = — "
m

Setting x=A"x', i.e., ' = Ax we have
J(x) = || Aa]|2 2 m?|]2.

Consequently J is positive definite and hence is a Legendre form, as was to
be proved.

CoROLLARY. The range of A s closed if and only if the quadratic form J
defined by (4.1) is positive definite on the orthogonal complement of its null space
Na.

As a further result we have

THEOREM 4.2. If W' = and the quadratic form Jy(x) = Ji(x, x) defined by
the bilinear form

is a Legendre form on U, then A is of finite nullity and the range of A is closed.

It is sufficient, by Theorem 4.1, to show that the quadratic form J defined
by (4.1) is also a Legendre form. Suppose that this is not the case. Then,
by Theorem 3.5, there is an infinite dimensional subspace € of 4 on which J
is w-continuous. Let {x,} be a sequence in @ such that x,—0. Then J. (xg)—0,
that is, Ax,=0. Consequently, (x4, Ax,)—0 and hence Ji(x,)—0. The quad-
ratic form Ji is therefore w-continuous on €. This is impossible, by Theorem
3.5, since J; is Legendre form. This proves the theorem.

CoroLLARY. If ' = and Jy is a Legendre form on the orthogonal comple-
ment of N4, then the range of A is closed.

THEOREM 4.3. Suppose that the nullity of A is finite and let C be a compact
linear operator on N to a Hilbert space N'’'. Let B be the operator on U to the car-
tesian product W XA defined by the pair { Ax, Cx}. The range of A is closed
if and only if the range of B is closed. If A" =U’, then the range of A is closed if
and only if the range of B=A+ C is closed. In either event if the range of A is
closed, the nullity of B is finite.

This result is obtained by applying Theorem 4.1. In the first instance
the range of B is closed if and only if the quadratic form J; defined by
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Jo(®) = J(®) + K(x), J(x) =||44]|s,  K(x) = ||Cq|"?

is a Legendre form on U. Since C is compact, K(x) is w-continuous. Conse-
quently J; is a Legendre form if and only if J is a Legendre form. It follows
that the first conclusion in the theorem holds.

Suppose next that A" =A" and B=A4 +C. Then

K(x) = (A%, Cx)’ + (Cx, Ax)’ + (Cx, Cx)’
is w-continuous on . Hence J is a Legendre form on % if and only if
1Bl = @) + K(x)

is a Legendre form on Y. This proves the theorem.

5. Some theorems on integral means and related results. Before studying
applications of the results given in the preceding pages, it will be convenient
to have at hand certain properties of a type of integral mean that will be
useful in the pages that follow. To this end let T be an interval a S¢<bin an
m-dimensional euclidean space of points t=(f, - - -, tx). Let x(¢) be an
integrable function on T and set

1
xh(t) = mex(t + k(s — t))ds, 0<h=1,

where | 7| denotes the measure of T. For each & on 0 <k =1 the function x*
will be called the h-average of T. This integral mean retains the essential
properties of the integral means normally used and has the advantage that it
is defined over the whole region T without extending the function to be de-
fined on the complement of T. This property is particularly useful when de-
rivatives of the function are involved.

The properties of this function will be stated in a sequence of lemmas. In
describing these properties we shall sometimes center our attention on a par-
ticular component ¢, of ¢; we denote the set of complementary components
by ¢/ and shall write t=(¢,, t/). Thus the interval ¢ £¢<b is the cartesian
product of a, <1, =b, and a/ £t/ £b,. Occasionally we shall use the abbrevi-

ations:
(5 1) p= t+ h(s - l), Ps = ty + h(sa - tu), Pa, = la, + h(su' - ta,),
) r=(1—-h) 7. = (1 — k)i, s = (1 — k).

In our proof we shall assume that a, =0, b,=1. Then x* is given in the simpler
forms

1 1 r+h 1 ra+h 1
(5.2) ©() = f (e)ds = - f 26)dp = — f f (o, 5 dpads,
0 T Te 1]

With these notations in mind we can prove a sequence of lemmas. In these
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lemmas it is understood that x is a real or complex integrable function of ¢
on T.

LEMMA 5.1. The h-average x* of x is a continuous function on T for each h
on 0<h =1 and limuo x*(t) =x(t) almost everywhere on T. If x is in £, (p21),
there is a constant M such that

5.3 s()lps M »dt.

(5.3) [ 1wl s [ [0

Moreover

(5.4) lim | | x*t) — x(:) |dt = 0.
r=0 Jr

If {xq} is a sequence of functions in £, converging weakly to x, then for each
hon 0<h=1 one has lim guy x1(t) =x*(t) uniformly on T.

These results can be established by an argument like those in proving
the analogous results for standard integral means. The same is true for the
results given in the following lemma. In the proof of the lemma one uses the
formula

b 1 —h ! , , ,
= 2 [ latra + by 2) = oo, 01Nl
at, h 0

which holds almost everywhere on T.

LEMMA 5.2, For each integer ¢ Sm the function x* is absolutely continuous in
ty on a,<t, b, for each t; on a) St; 2b). If x is in £, (p=1) so also is
9x*/0t,. Moreover, there is a constant N independent of h such that

(5.5) fT oaty

N
dt £ ——f | %(t) |»ds.
oty heJr
If for almost all t] on al ZtJ £bJ, the function x is absolutely continuous in t,
on a,<t,<b and 0x/0t, is integrable on T, then

5.6 a—xh—1—h)(axh
(5.6) at.,~( a;,)'

The following lemma will be useful. By the support set of a function x(¢)
will be meant the closure of the set of points at which x(¢) #0.

LEMMA 5.3. Suppose that limp—o x*(t) =x(t) for each t in T for which the
limit limy—o x"(t) exists. Then given an integer ¢ S n the following statements are
equivalent:

(1) There exists an integrable function x,(t) on T such that
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ay(¢
.7 f ) {x(t) : f') + x.(t)y(t)} d=0

for every function of class C* whose support set is interior to T.
(2) There exists an integrable function x,(t) on T such that

a5 4
(5.8) f {2(ds, t!) — #(co, td)}at) = f %,(t)dt,

holds for all intervals cSt=d in T except for (c, d) on a set of 2m-dimensional
measure zero.

(3) The function x(t) is absolutely continuous in t, on a,<t, <b, for almost
all t] on a) St; Sb; and 0x/d¢t, is integrable on T.

If x has these properties, then x,=0x/dt, almost everywhere on T and the
formula (5.8) holds for every interval cSt=d in T.

This result has been established by Calkin [5] and Morrey [15; 16].

COROLLARY. Let {x,} be a sequence of functions of class C' on T converging
in the mean of order p to a function x on T, where x has been normalized so that
lim x*(t) =x(t) whenever limu.o x*(t) exists. If the sequence of derivatives
{9x4/0t,} converges in the mean of order p on T to a function x,, then x and x,
are related as described in Theorem 5.3.

This result follows from the fact that the relation (5.7) holds with x, x,
replaced by x4 and dx,/d¢, and hence also for the functions x, %, given in the
corollary.

LEMMA 5.4. Suppose that, for each integer o Sm, x is absolutely continuous
in t, on a,<t. b, for almost all t; on a/ <t] b . Suppose further that the
functions x and x,=0x/0t, (6 =1, - - -, m) are in £, (p=1). There is a con-
stant M independent of h such that

6.9 [ 120 -s0basion [(nl+ -+ | wmlPbra
T T
In view of the last corollary it is sufficient to prove the theorem under

the hypothesis that x(¢) is of class C" on T. Consider the difference
\

(5.10) 2 () — x(2) = f [x(0) — x(t)]ds = & f (¢, 6h)d8
where

fG, k) = j; l(s, — t,)x,(p)ds (¢ summed).

An application of Hélder's inequality yields
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|f(t) k) |p < ﬁ [xv(P)xo(P)]plzdS.

Hence there is a constant M such that

J 10, B s J l J [ (0)2. (o) JPatds < M ) sl

Combining this with (5.10) it follows that (5.9) holds.
LeEMMA 5.5. Let v(t) be Lipschitzian on T and set

1
(5.11) zh(t) = mfr[v(p) — o(t)Jx(p)ds = (vx)* — vxh,

If x isin £, (p21) then

(5.12) lim f | 4(¢) |7t = 0, lim f
h=0 T h=0 T

azh

at.

P
dt=20 (=1,

317

-, m).

This result has been established by Friedrichs for mollifiers [7]. It holds
for all standard forms of the integral mean. The first limit in (5.2) follows
from Lemma 5.1 and the definition of z*. As a first step in the proof of the
second limit in (5.12) we shall show that there is a constant N independent

of h such that

(5.13) fol

To this end we write

b, + 1, t)) — M)

r

P

1
di < N» f | %(s) |»ds.
0

9z

at,

= A+ A — 4,

where
1 Ho
Ay ==+ —f Bds,, wo =1, + (1 — k)r,
rhJ.,
1 h+ug

Az = i —_— BdS,,
rh htrq

B = J:)l[v(sa: pd) — v(t)]x(sv: ps )dsv,;

1‘([, + 7) - v(t) x"(t).
r

3 =
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Since (¢) is Lipschitzian we may select a constant k such that
[v(s) —v(@®)| < k|s—1t].

Since | s—t|2<mh? we have

kml/2 Bo 1
| 4 g——~—f f | #(s., o) |dsods! .
r To 0

From this result it follows that there is a constant L such that
1 : 1
f | 41|rdt < Kemri2L f | %(t) |»ds.
4 0
This formula also holds with A4, replaced by A,. Finally

1 1 1
f l As|"dl = N’f | xh(¢) I”dt =< N"Mf |x(t) Ipd;.
0 0 0

The inequality (5.13) follows from these inequalities.

In order to prove the second limit in (5.12), observe that it holds if x is
of class C’, as can be seen by differentiation. Given x in £, choose a sequence
of functions {x,} of class C’ converging in the mean of order p to x. Writing

Il = [ 150 ] ™

and letting 2} be defined by (5.11) with x replaced by x, we have

9z, o7
2
e R ]
by (5.13). Consequently
azh azh 6zh sk azh
s’ ‘ ’ L. sl N+ N[z, — 4.
at, Il = 1 ¢, + o, ot ll = o, + Ml —
Hence
dzh
lim sup = N”xq - x”
h=0 Pl

Since ||lx,—x||—0 it follows that lims., ||02"/d%.]| =0, as was to be proved.
6. Hilbert space 3C; and 3C. A real or complex valued function x(¢) will be
said to be of class D° on an interval T in an m-dimensional space of points
t={(t;, - - -, tnm) if it is integrable on T, if x(¢) is equal to the limit lima—o x*(¢)
of its h-average x* whenever this limit exists and if x(f) =0 elsewhere. It will



1961] QUADRATIC VARIATIONAL THEORY 319

be said to be of class D™ on T if it is of class D° and if there exist functions
X1, * * +, %¥m Of class D° on T such that (5.7) holds for every interval c<¢<d
in T. In view of Lemma 5.3 the function x,(f) will be called the partial deriva-
tive (8x/d¢,) of x on T. A function x on T will be of class D® (k>1) on T if
it is of class D®*V and its (k—1)st partial derivatives are of class DO,
Finally, a function will be said to be of class D® on an open set T if it is of
class D® on every interval in T. It should be observed that if x is of class
D® on T and its kth derivatives are bounded then x is of class C¥! and its
(k—1)st derivatives are Lipschitzian. In this event x will be said to be of class
B® on T,

Let 3C: be the class of all complex valued functions xi(¢) (j=1, -, n)
of class D¥ on an open set T which together with its partial derivatives of
orders =k are square integrable on T. Given a set of m nonnegative integers
a=(a, - - -, an) let

Olealyd

j  lal
(61) x::(—l) m lal =al+"‘+am-
1 m

If || =0 we have «/,=x7. The class 3¢, with

(2 ) = frxia)y-f.(t)dz (la| Skjisn

forms a Hilbert space, as is easily seen with the help of Lemma 5.3. Here
and elsewhere a repeated index in a term denotes summation with respect to
that index unless otherwise specified or implied. The norm in 3¢; will be de-
noted by ||x||s. When £ is held fast as is normally done, we shall use the simpler
notations 3¢, (x, ¥), ||*|| in place of 3¢, (x, ), ||*||s. If we wish to denote the
dependence of 3¢, on T or n we shall use the alternate notations 3¢ (T),
3¢5(T), 3C;. We are also interested in the case in which the functions x and
the scalars in 3C; are restricted to be real. In this event we set @ =a and replace
—14 by 1in the formula (6.1). Although we shall restrict ourselves to the com-
plex case, the proofs are designed so as to be equally valid in the case of reals,
whenever it is possible to do so.

Hereafter we shall assume that the set 7" is the union of a finite number
of sets T each of which is the one to one image of an m-dimensional interval
S under a transformation {(s) which together with its inverse s(t) satisfies a
uniform Lipschitz condition. Under this assumption the following theorem
can be established.

THEOREM 6.1. The gquadratic form

K(x)=fxib:;§;.e§dt (la| <k (8] <k [a] + 8] <20,isnjsh
T
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where bs(t) = bl (t) are bounded integrable functions of t on T, is w-continuous
on 3. In particular ||=||3 with h <k is w-continuous on 3¢, and the quadratic
form

H(x) = f ) frxi@)c.‘;i;(s, nEdsdt (|o] Sk 8] < B

is w-continuous on i if the functions cig(s, t) = (¢, s) are square integrable
on TXT.

The last statement is well known. A simple proof has been given by the
author [11, p. 531]. The w-continuity of K follows from the w-continuity of
||%||2 for & <k. In order to prove that ||x||3 (k <F) is w-continuous, it is suffi-
cient to prove that ||x|| is w-continuous on 3¢;. This fact has been established
by Morrey in the papers cited above. A simple proof can be made as follows.
It is sufficient to treat the case when n=1.

Suppose first that T is an interval and let {x,} be a sequence of functions
in 3¢; that converges weakly to x=0. Then, by Lemma 5.1, the h-averages
x3(£) of x4(¢) converge uniformly to x=0 for each  on 0<k<1. In view of
Lemma 5.4 there is a constant M such that

Hx’; - quo = hMllxaH:-

Hence if we select N so that ||x,||: <N we have

ldlo < [lillo + ll2e = =allo < llaallo + A2,

lim sup || 2 ]lo < AMN

==

for each k on 0 <h=1. Consequently ||x|o—0, as was to be proved.

Suppose next that T is the one to one image of an interval under a trans-
formation ¢(s) which together with its inverse s(¢) satisfies a uniform Lipschitz
condition. Then the Jacobians j(s), ~'(f) of ¢(s) and s(¢»are bounded almost
everywhere. There is accordingly a constant ¢>0 such that I j(s)[ 2 e almost
everywhere on S and |j-!(f)| Z € almost everywhere on T. Under the trans-
formation #(s) a function x(¢) in 3¢;(7) is transformed into the function y(s)
=x(¢(s)) in 3¢i(S) and the chain rule for differentiation holds. Moreover, in
view of the uniform Lipschitz condition, there exist positive constants M
and N such that for almost all corresponding points s and ¢ we have

Mia(t)Za(t) £ Ya(s) Fals) S Nxa(t)2a(0), || =1.

It follows that, with |a| =1,
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N f TaFaldl = f YaJa| 5 (5) | ds = ¢ f YaFalds = &M f ZaFadl,
T s s T

f|x|2dtgef|y]2dsge’f|x|2dt.
T S T

With the help of these inequalities it follows that x,—0 in 3¢;(T) if and only
if the corresponding sequence y,—0 in 3¢;(S) and that ||xq||o—->0 if and only if
l|4|o—0. Thus ||x||3 is w-continuous in 3¢i(T) as was to be proved.

If T is the union of a finite number of sets T4, - - -, T, of the type just
described, and x,—0 in 3C(T), then the section of x,(!) on T converges
weakly to zero on 3¢(T3) (h=1, - - -, p). It follows that

lim | 2,(2) |2dt = 0, h=1,---,p.

=0 Ty

Consequently ||x||2>—0 as was to be proved.

In the following theorem we shall assume that to each point f, on the
boundary of T there is a neighborhood N of ¢, and an integer u Sm such that
NNT is the one to one image of the interval

055 <1 (¢ Su), —1<s;, <1 (<7

(to corresponding to s=0) under a transformation ¢(s) which together with
inverse s(¢) is of class D* and possesses uniformly bounded kth derivatives.
The portion of the boundary of T in N corresponds to points s having
s¢=0 (¢ =u). The assumption that the kth derivatives of ¢(s) and s(¢) are
uniformly bounded is equivalent to the assumption that they are of class
C*¥Y and their (k—1)st derivatives are bounded. If T has the properties just
described then it will be said to be of class B* and integer u will be called the
index of ty as a boundary point of T.

THEOREM 6.2. Suppose the boundary of T is of class B* and let @ be the
class of all x in 3. whose kth derivatives are bounded on T. The class ®y is
dense in 3 and consists of all x in 3 of class C*~V on T whose (k—1)st deriva-
tives are Lipschitzian. Let 3Cro be the closure in 3Ci of the class of x in ®y which
together with 1ts first (k—1) derivatives vanish on the boundary of T. Then 3k
1s the closure of the functions of class C in 3C, whose support set is in T.

7. Legendre forms on.subspaces of 3¢ = 3C;. Throughout this section ¥ de-
notes a subspace of 3¢=3C; and J denotes a quadratic form of the type

(7.1) J(x) = R(x) + K(x)

where K(x) is w-continuous on 9 and
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1.2) R(z) = f Tx:(t)r:f;(;)x,’;(t)dt.

Here k, j are summed from 1 tonand a=(a;, - -+, am), 8=, * - -, Bm) are
summed over all indices such that |a| =|B| =k. The functions r¥(f) are
assumed to be continuous on T and to satisfy the relation #%5=r%, on T.

THEOREM 7.1. Let U be a subspace of 3 and let W, be the class of all x in U
whose support set have diameters at most €. If J is a Legendre form on N, there
exist positive numbers e and h such that the inequality

(1.3) J(x) Z H|]|?
holds for all x in ¥U..

Suppose that the conclusion in the theorem is false. Then there exists a
sequence {x.,} such that x,is in %, and

(7.4) J(x)) < (1/g)]]x]2.

We can suppose that the sequence {x,} has been chosen so that ||x,|| =1,
Since {xq} then converges weakly in subsequence, we can suppose that it
converges weakly to a vector xo in . Since the diameter of the support set
for x, is at most 1/q it follows that x¢=0. Since J is wis-continuous we have

0 = J(x) < lim inf J(x,) < limsup J(x,) < 0.
g= g=o
Consequently J(x,)—0 and hence x,=0, since J is a Legendre form. This is

impossible, since ||x | =1 and the theorem is established.
As a converse to Theorem 7.1 we have the following

THEOREM 7.2. Suppose that the subspace U of 3¢ has the property that if x
is in U so also is px for every function p of class C*. Suppose further that for
each point to in T there is a neighborhood N of t, and a constant h>0 such that
the inequality (7.3) holds for every x in A whose support set is in N. Then J is a
Legendre form on .

For, in view of our hypotheses we may cover T by a finite number of
spheres Ny, - - -, N, having the property that for each sphere N; there is a
constant k;> 0 such that (7.3) holds with A=#; for every x in ¥ whose support
set is in N;. Let & be the least of the numbers &, - - -, ky Select functions
p1, * - -, pp of clagss C* such that the support set of p; is in N, and such that
pi4 - - - +pi= on T. Set

Q@) = J(x) — lall, P = Q(esx) + - - - + Qlos2).

Since the support set of p;x is in N; it follows that Q(p;x) =0 on ¥ and hence
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that P(x) 20 on U. Since pi+ - - - +p2=1 the terms in the difference
Ki(x) = Q(x) — P(x)

arising from R(x) and |||} involving products of kth derivatives x%&} cancel.
It follows from Theorem 6.1 that K, is w-continuous. The quadratic form Q
is the sum of a nonnegative form P and a w-continuous form K, and is ac-
cordingly wls-continuous. The quadratic form J is therefore a Legendre
form, by Theorem 3.1, as was to be proved.

For each point ¢ in T let

(1.5) Rz, ) = [ riwmda o
T

where a, B, 7, j are summed as in the definition of R(x) in J. With the help
of this quadratic form we can prove the following:

THEOREM 7.3. Suppose that N has the property described in Theorem 7.2.
Then J is a Legendre form on U if and only if to each point to in T there is a
neighborhood N of to such that the quadratic form R(x, t,) defined by (7.5) is
positive definite on the class of all x in N whose support set is in N.

Since J(x) is a Legendre form if and only if R(x) is a Legendre form we can
suppose that J(x) = R(x). Suppose therefore that R(x) is a Legendre form.
Let o be a point in T. In view of Theorem 7.1 there exist positive constants
h and e such that the inequality

(1.6) R(x) = 2h||4||?

for all x in A whose support set is in the e-neighborhood of ¢. Let N be a
smaller neighborhood of ¢y chosen so that

(1.7 J 0 = sl < s

for all x in A. Combining this result with (7.6) we see that
R(x, to) = H||«]|?

holds for all x in A whose support set is in N.
Suppose conversely that for each point ¢, in T there is a neighborhood N
and a constant £>0 such that

R(x, t)) = 2h||«||?

for all x in A whose support set is in N, Diminish N if necessary so that (7.7)
holds. Then R(x) is positive definite on the class of all x in % whose support
set is in N. It follows from Theorem 7.2 that R(x) is a Legendre form. This
proves the theorem.
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8. Conditions of Legendre. Let

(8.1) 1, 8 §) = rat ECE la| =|8|=t ksn jsn

wherea=(ay, - - - ,am),8=(B, - * - ,Bm) and &2 is the product £P3? - - - £om
of powers of £, - - -, £m. The quadratic form J defined by (7.1) will be said
to satisfy the.condition 1 of Legendre on T if the inequality

(8.2) r, 6820

holds on T for all sets (¢, f) such that £=(§, - - -, &m) is real and
=Y - -+, ¢ is complex. The quadratic form J will be said to satisfy
the condition I’ in T if there is a constant €> 0 such that the inequality

(8.3) r(t £ §) 2 | £]%] ¢

holds on T if £ is real and { is complex. Here || = (£E)12, |¢]
=N (@=1,- - -, m;j=1, - - -, n). If the coefficients % are real, the
numbers { can be restricted to be real. It is clear that the condition (8.3)
is the Legendre condition I for

(8.4) ! J(z, &) = J(z) — ||

Recall that a function x in 3C whose kth derivatives are bounded is of class
C%*-D on T and has Lipschitzian (k—1)st derivatives on T. Let X be the
closure in 3C of all functions of this type which together with their partial
derivatives of order £k—1 vanish on the boundary of T. We shall refer to
X as the class of functions in 3¢ which together with its derivatives of order
<k vanish on the boundary of T. It can be shown that if a function x in X is
extended to be zero on the complement of T, then x is of class D® on every
interval in ¢-space. In view of our assumption on the boundary of T, the class
X can be shown to be the closure of all x in 3C of class C* whose support set
isin T.

THEOREM 8.1. Let X be the set of all x in 3C which together with its derivatives
of order <k vanish on the boundary of T. The quadratic form J is a Legendre
form on X if and only iof it satisfies the Legendre condition 1’ on T. It is wis-
continuous on X if and only if it satisfies the Legendre condition 1 on T.

Suppose first that J is a Legendre form on X. We shall show that the
Legendre condition I holds. To this end let # be a point in T and suppose
there exist real numbers ¢ = (&, :--, &x) and complex numbers

c=(, - - if"‘) such that
r(to, £, ¢) < 0.

Given a neighborhood N of ¢ in T let p(f) be a nonzero function of class C*®
whose support set is in N. Let X be a real number and set
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(8.5) wi(f)) = p()Fie™,  tE =t 4 - -+ lmkm.

For this function the quadratic form R(x, ¢,) defined by (7.5) is expressible
as a polynomial

R(x, b)) = N*Ao+ N*14,+ - - - + Aun

in N\, where 4o, 4y, - - -, Ay are constants and

Ao = rltn &, 9) f o(0)?d1 < 0.
T

Since 4,<0 the number A\ can be chosen so large that R(x, f) <0. Since N
is an arbitrary neighborhood of ¢, this is impossible, by Theorem 7.3. It
follows that J satisfies condition I. One can obtain the same conclusion by
the use of the function '

x(t) = p(£)¢7 cos M

in place of the function (8.5). Our conclusion is therefore valid also in the real-
valued case.

If Jis a Legendre form on X so also is the quadratic form J(x, €) defined
by (8.4) for e sufficiently small and positive. Consequently (8.3) holds with
this choice of ¢, that is, J(x) satisfies the condition I'. If J(x) is wls-continu-
ous, then J(x, €) is a Legendre form for all ¢e<0. Consequently (8.3) holds
for all €<0. Hence (8.2) holds. A wis-continuous form therefore satisfies the
condition I of Legendre.

Suppose next that J satisfies the condition I of Legendre, and that the
coefficients 725 are constants. We shall show that R(x) 20. To this end let
x be a function in X and extend x to be identically zero on the complement
of T. One can restrict x to have bounded kth derivatives, if one wishes to do
so. Let %7 denote the Fourier transform

& = (2x)~m2 f eitxi(t)dt (= tibr + -t bmbm)
of xi. By integration by parts it is seen that the Fourier transform of »/, is
teii. Hence

R(x) = f reagadl = f rat £47%) di 20,

as was to be proved. The result just given was established by van Hove, by
the same argument for the case k=1, and has been given by the various writ-
ers on partial differential equations.

Suppose now that J satisfies the condition I’ of Legendre and select >0
so that (8.3) holds as stated. Then by the result just obtained the inequality
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R, = [ raoslsiaz o [ Saa, |al = 18] = ,
T T

holds on %. The integral on the right differs from ||%||2 by a w-continuous
form and is accordingly a Legendre form. Since it is positive on X, it is posi-
tive definite. Hence R(x, #) is positive definite on X. By virtue of Theorem
7.3, it follows that J(x) is a Legendre form on X, as was to be proved.

Finally, if J satisfies the condition I of Legendre, then, for € <0, the quad-
ratic form J(x, €) given by (8.4) satisfies the condition I’ of Legendre. Hence
J is wls-continuous on X, by virtue of Theorem 3.1. This completes the
proof of Theorem 8.1.

THEOREM 8.2, Suppose that m=1. Then J is a Legendre form on 3 if and
only if it satisfies condition 1’ of Legendre. Moreover, J is wis-continuous on 3¢
if and only if it satisfies condition 1 of Legendre.

This result follows because 3C differs from X by a subspace of finite dimen-
sion.

Following terminology used in the calculus of variations, a function x in
3¢ will be called an extremal for J if it is J orthogonal to the subclass X of 3¢
described above. Combining Theorems 3.6 and 8.1 we obtain the following
extension of the problem of Dirichlet:

THEOREM 8.3. Suppose that J satisfies the condition 1’ of Legendre. Given a
function x in 3C there is an extremal y having the same boundary values (in the
sense that x—y is in X) if and only if x is J-orthogonal to KNXK’.

The quadratic form J will be said to satisfy the Legendre condition II
if it satisfies condition I of Legendre and if at each boundary point £ of T
the inequality

(8.6) r(to, 7) = ras(to)maity = 0, la| = |8] =&

holds for every set %, of complex numbers. It will be said to satisfy the condi-
tion 11’ of Legendre if it satisfies condition I’ on T and if there is a constant
€>0 such that the inequality

8.7 r(to, 1) = emsiy

holds at each boundary f, of T for every set m, of complex numbers. The
condition II is satisfied by certain quadratic forms arising in the theory of
partial differential equations. The condition II’ is satisfied by J(x) =||x||2

THEOREM 8.4. If J satisfies the condition 11’ of Legendre, then J is a Legendre
form on 3C. If J satisfies the condition 11 of Legendre, it is wis-continuous on 3C.
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This result follows readily from Theorem 7.3. The condition II’ of Le-
gendre is not in general a necessary condition for J to be a Legendre form.

We shall give three further conditions of Legendre which are valid if the
boundary is of class B¥ and each boundary point is of index u=1 in the sense
described in the paragraph preceding Theorem 6.2. Consider now a boundary
point ¢ and let the #-axis be the normal at {=¢,. It will be convenient to use
the variables (¢, m1, - + -, 7m—1) in place of (£, - - -, £n). Then the character-
istic form (8.1) can be written as

hj a.f 8 hoj
(88) f(to, E’ M g.) = rﬂ;.ﬁﬁs 57717-’ g- ?’
where «, 8 represent the numbers a;, B: in (8.1) and y=(v1, * * *, Ym-1),
0=(8y, - - -, Om_1), nY=n1"3% - - - n¥m+. We shall also use the abbreviated
notation

hi a8 i_j

(8.9) oy & m &) = raf EE T
where
(8.10) f:,’; = f:{/.amyﬁ;-

In these formulas the coefficients are to be evaluated at t=¢t,, With these
notations in mind we can state the following further modification of the
Legendre condition I'.

The quadratic form J(x) will be said to satisfy the condition III’ of
Legendre if

(a) The condition I’ of Legendre holds.

(b) At each boundary point £, there is a constant ¢>0 such that the con-
dition

(8.11) r(to &0, 8) Z e[| ]2+ [n 2] [
holds for all complex numbers (£, 9, {) with 7 real, where 7(fo, £, 7, {) is given
by (8.8).
(c) At each boundary point ¢ the inequality
(8.12) Tesmats Z 0 (@B=1,,mij=1,"",n

holds for all complex numbers 7 for all # with |n| =1 where ¥, is given by
(8.10).
We have the following extension of a result given by Aronszajn [1]:

THEOREM 8.5. Suppose that the boundary of T is of class B* and each bound-
ary point to if of index u=1. If the condition 111’ of Legendre holds then J(x) is
a Legendre form on 3C.
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This result follows from Theorem 7.3 and Theorem 10.2 to be given in
§10. The condition II1’ as stated is not in general a necessary condition for
J(x) to be a Legendre form on 3C. The condition (8.11) however is a necessary
condition, as can be seen by the use of Theorem 9.4 in the next section.

Consider next a boundary point ¢, at which the Legendre condition I’
holds. Then the determinant

hj a+B

A(§ m) = det(ragk ),

where r’? is given by (8.10), is different from zero for all real numbers (£, 1)

with ]n 1. Let C* be the cofactor of rEet8 in this determinant. Let
v, - - -, v}_, be arbitrary constants and set
Vo=t 00+ £ m+ -+, \
.1 Ao a e
V=60£ :’pVBA) (g=11"'9")
Ry =vVs—£v"

As will be seen in §10 below, R® is a rational function of ¢ of degree < —1.
The quadratic form

(8.13) N(w; n, to) = f RiraiRidt
inv), - - -, v, is therefore well defined. The quadratic form J(x) will be

said to satisfy the condition IV’ of Legendre if

(a) The condition I’ of Legendre holds.

(b) At a boundary point ¢, the quadratic form N(v; 9, ¢,) defined by (8.13)
is positive definite in ¢}, ---, vl_, for each set of real numbers

7=(m, - - -, Mmo) with || =1.

THEOREM 8.6. Suppose that the boundary of T is of class B* and each bound-
ary point is of index p=1. The quadratic form J(x) is a Legendre fokm on 3¢
if and only if condition IV’ of Legendre holds. oo

This result follows from Theorem 10.1 given in §10 below,,WItH the help
of Theorem 7.3. A necessary condition at boundary points of inde¥ u>1 will
be given in Theorem 9.3.

There is an intermediate condition of Legendre which will insure that
J(x) is a Legendre form on certain subclasses of 3C. This condition will be
called the condition V' of Legendre and is defined as follows:

(a) The condition I’ of Legendre holds.

(b) At each boundary point ¢, the condition (8.12) holds, as stated.

(c) To each boundary point ¢, there is an integer r(¢,) Sk such that given
a set of polynomials Zi(£) of £, not vanishing simultaneously, the polynomials
7t8Zi(¢) in £ have, for each n with |n| =1, at most r(f) common zeros
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(counting multiplicities) on each side of the real axis.

Let B be the subclass of all functions in 3¢ which together with its deriva-
tives of orders <r(f) vanish on the part of the boundary lying in some neigh-
borhood of a boundary point ¢. We have the following

THEOREM 8.7. Suppose that the boundary of T is of class B* and that each
boundary point to is of index u=1. If the Legendre condition V' holds, then J(x)
is a Legendre form on the subspace ® of 3C described above.

This result is an extension of a result given by M. Schechter for the case
n=1. It follows from Theorem 7.3 combined with Theorem 10.3 below.

9. A case with constant coefficients. In order to establish Theorems 8.4,
8.6, and 8.7 it is sufficient, by Theorem 7.3, to study the behavior of J(x)
on the class of functions in 3¢ which vanish exterior to a neighborhood of a
boundary point ¢. By a transformation of variables the portion of T in such
a neighborhood can be taken to be an interval. Consequently, we may take
T itself to be an interval. Moreover, by Theorem 7.3 we can suppose that
J(x) is of the form

J(x) =fr:;x:ﬁ;dt, Ial = Iﬂ =k,
T

where the coefficients 7.5 are constants. This case will be studied in the next
three sections. It will be convenient to change our notations somewhat and
use (s, - * *, Sup b1, + * +, &) to denote a point of T in place of (f, - - -, tm).
We shall assume that T is the closed interval

9.1) 0<s,<b, —-bst,<b (0 Sp 1S
and write x7(s, t) in place of xi(f). Let a=(ou, - - -, &), B=(B, -+ *, Bu),
y=0n -+, v), 8=(8, - - -, 8,). The partial derivatives of x7 will be de-
noted by
3 L\ lal+v] laltlvigi
Xay = (—1) .
051 - - - OsgHolTs - -+ - OLYr

Then J(x) takes the form
b b ki Ao
1@ = [ [ rhacishisa, el + [l = 18] + |3l =
0o Vb
The characteristic form (8.1) is now

9.2 r,n¢) = r:i.aoiaésnyﬁsrhfj = f:g(n)éaﬁﬁi'h?j

where
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hj hj t)
(9.3) ras(n) = Taysem 7 .

We shall assume throughout this section that J satifies the Legendre condi-
tion I’, that is, that there is a constant €>0 such that

9.9 rg,m, O = e[| E[2+ | ]2 £

holds for all real numbers (£, 7) and complex numbers {. Let % be the class
of all x in 3¢ such that x%,(s, ) =0, |@| +|y| <k holds on each face of T
defined by one of the relations ¢,=b, {,= —b, s,=b. Extend the function in
Ay so that x7(s, £) =0 on the complement of T'. Then x%(s, ¢) is of class D* on
the infinite interval

(9.5) 0S5, <@, —o<t <+

and x., are square integrable on this set. We may accordingly write J in the
form

(9.6) J(x) = f f ro si¥urErsdsdl,
0 —00

It is easily seen that we can restrict the inner product on ¥, to be of the
simpler form

©.7) @) = | [ st lal +|v] =&
0 -

Finally, let %, be the closure of the union of the classes %; (0 <b < «) under
the norm just described.

We shall be interested in the behavior of J on certain subclasses of ¥
obtained by imposing restrictions on the faces s,=0 (=1, : - -, u). To this
end observe that the boundary values of «,,, || <|v| <k, are well defined
almost everywhere on each of these faces. In the present paper we shall as-
sume that the boundary conditions are such that if x/(s, £) satisfies the bound-
ary conditions so also does x’(As, Af) for each positive A\. With this in mind
we can prove the following:

THEOREM 9.1. Let ®, be a subclass of ., with the property that if xi(s, t)
is in R, so also is xi(As, N\t) for each positive number \. Let By =N B,. Sup-
pose that 0<b<b' < . Then J(x) is nonnegative, positive, or positive definite
on ® if and only if it has the corresponding property on ®y. Moreover, J(x)
is nonnegative or positive definite on ®, if and only if it has the corresponding
property on ®,. The quadratic form J(x) is wisc-continuous on ®, if and only
if it is nonnegative on ®y. It is a Legendre form on ®, if and only if it is positive
definite on ®.

Let xi(s, t) be a function in ®, and set yi(s, ) =A™2xi(\s, N¢), where \ is
a positive number. Then, as is easily seen, J(y) =A*J(x), Hy” =)\"”x”. More-
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over, if x is in ®, then y isin ®,. In view of this fact the first two conclusions
in the theorem hold. Since J is a Legendre form on ®;, there is by Theorem
7.1 a number b such that J is positive definite on ®,. Consequently, J is a
Legendre form on ®, if and only if it is positive definite on ®;. The statement
on wis-continuity follows from the last statement by replacing J(x) by J(x)
+élf]|2.

As a next step let x7(s, £) be a function in ®, and let

yi(s,n) = (21r)‘”’2f e~ityi(s, t)dt, m=tm+ -+t
Then, from the theory of Fourier transforms, we have
0 0 hs B i
09 J@= [ [ rayis s vands,  lal sk 18l s 4
0 —o0

where the coefficients 72%(n) are given by (9.3). This suggests the study of the
integral

9.10) Ply;m) = f ramye)3s)ds, | a| Sk |8] Sk

To this end let @, be the class of all functions y(s) of class D* on 0 Ss< »
which together with their derivatives of orders <k are square integrable on
this domain. Let @, be the subclass of @, of all y that vanish on the comple-
ment of 0<s<b. Let D, be the subclass of all ¥ in @, that satisfy the same
boundary conditions as those defining ®,. Finally set

©.11) 0(y; n) = f | 0™y ()5 5)ds.

We have the following:

~THEOREM 9.2. The relation J(x) =0 holds on ®, if and only if the inequality
P(y; 7) 20 holds on Dy for each set n=_m, - * + , n,) of real numbers. The quad-
ratic form J(x) is a Legendre form on ®, if and only if there is a constant €>0
such that

(9.12) P(y;1) = €Q(y; 1)
holds on D, for each real 9.

The last statement follows from the first by replacing J(x) by J(x) —e”*c“ 2
and replacing P(y; 1) by P(y; 1) —€Q(y; n). If P(y; n) =0 on D, for each 7
then J(x) 20 on ®, by virtue of (9.9).

Suppose next that there is a function ¥/(s) in Dy and a set of real numbers
7 such that P(y; ) <0. Observe that if A>1 then
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(9.13) 2(s) = Ml2yi(\s)
has the property that
(9.14) P(z; M) = N*P(y; 1)

as can be seen by substitution. Moreover, 2/(s) is in Dyn. Consider now the
function

xi(s, 1) = W2yi(xs)e=20p(f)

where p(¢) is a nonnull function of class C* whose support set isin —b<¢<b.
Then J(x) is expressible in the form

b
J(x) = \%P(y; n)f pXOdt +A¥1 4, + - - -+ Ay
-
where 4, is of the form
[ eiioosionnas = [kl
0 0

the coefficients ¢/ being constants. Since P(y; 7) <0 we can select \ so large
that J(x) <0. Moreover x is in ®s. In view of this result it follows that if
J(x) =0 on ®, then P(y; n) 20 on D, for each set of real numbers 7.

THEOREM 9.3. Suppose that 0 <b= . Then P(y; 1) =0 on Dy holds for all
real n if and only if this inequality holds on D, for all real n with | n] =1. There
is a constant €>0 such that the inequality (9.12) holds on Dy for all real n if and
only if this inequality holds on D, for all real n with |nl =1.

In view of the relations (9.13) and (9.14) it follows that if 0 <bd<b' < »,
then P(y; 1) 20 on D, for all 9 if and only if P(y; ) 20 on Dy for all . Hence
P(y; )20 on D, for all 5 if and only if P(y; n) =20 on D, for all 4. Since
P(y;0)=0 on D, if P(y; 1) 20 on D, for all 770, it follows from (9.14) that
P(y; 7)=0 on D, for all 5 if and only if P(y; 1) =0 on D, for all 4 with
[ nl =1. This proves the first statement in the theorem. The second statement
is obtained from the first by replacing P by P —e€Q.

As a consequence of the last theorem we can prove the following:

THEOREM 9.4, If J(x) is a Legendre form on N, then there is an ¢>0 such
that the inequality

(9.15) r&m &) Z e[| £]2 4 | 0|2 ¢

holds for all sets of complex numbers (€, n, §) such that the 9's are real and the
imaginary parts of £ are all of the same sign. Moreover, if J(x) is wls-continuous
on Ws, then the inequality (9.15) with e=0 holds for all sets (£, n, §) of this type.
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By the arguments used previously the first statement follows from the
last statement with J —e”x“2 playing the role of J(x). In order to prove
the last statement choose a set (£, 5, {) with 5 real and the imaginary parts
£’ of £ being negative. Then yi=e%&7 is in €, and

Plyin) = (&7, ) f g ds,
0

Since P(y; 1) 20, by Theorems 9.2 and 9.3, it follows that 7(£, 9, {) 20. Since
'(5, M g-) = f(-—E, -n g.)

it follows that r(¢, 9, {) 20 when the imaginary parts of £ are positive. By
continuity considerations it follows that this inequality holds when the
imaginary parts of £ are nonnegative and nonpositive. This proves the theo-
rem.

10. The case u=1. In the present section we shall assume that u=1 and
that the class ®; is the class of all x in %, which together with its derivatives
of orders <r vanish on face s=0 where r is an integer on the range 0 =Sr <k.
The corresponding subclass D} of @; is the class of all ¥ in €, such that

5(0) = 0 (6=01,---,r—1).

It is clear that ® coincides with %, and D) coincides with €.

Throughout this section it will be convenient to extend the functions y in
@, (and hence also in D}) so as to be identically zero on — « <s<0. The inte-
gral P(y; ), defined by (9.10), can be written in the form

L hi b §
(10.1) P(y;m) = j rasyaTads.
Let D}~ be the class of all functions of the form yi(—s), where y7(s) is in Dj.
Let D be the direct sum of the classes D) and D;”. Similarly set € =€+ ¢€; .
The class D} is the class of all y in €5 such that

(10.2) 7(O+) = 5(0=) =0 (@=0,1,--,7r— 1)
We have the following

LeEmMMA 10.1. The quadratic form P(y; n) is nonnegative, positive, positive
definite on D, (on @) for all real unit vectors n if and only if it has the same
property on Dy (on ©F). The quadratic form J(x) is positive definite on Uy if
and only if P(y;n) is positive definite on C; for real unit vectors n. The quadratic
form J(x) is positive definite on ®; if and only if P(y; 1) is positive definite on
D}, for all real unit vectors 7.
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A function x in D} is of the form xi(s) =7yi(s) +3/(—s), where yi(s) and
2i(s) are in Dj. Moreover

P(x;1) = P(y;n) + P(z; —), ll2l12 = [|5l* + I|l].

It follows that the first statement in the lemma holds. The remaining two state-
ments follow from Theorems 9.2 and 9.3.

Let y be an arc in ;. The quantities
(10.3) te = i(2m) " [ya04) — 52(0-)] Osa<h
will be taken as a measure of the discontinuity of y(s) at s=0. As before let
97 denote the Fourier transform

(10.4) § = (2m)12 f eﬂe“"‘y"(s)d.s~

of yi. The Fourier transforms #7, of ¥, can be written in the form

(10.5) %a=69 +Va OSask
where

(10.6) Ve=TVal ) = n+E 0+ + yo.

It will be convenient to write the Fourier transform 4 in a somewhat different
form. To this end recall that, by virtue of our assumption that the condition
I’ of Legendre holds, the determinant

AE n) = det(rast™")

is different from zero for all real numbers (£, ) with |17| =1. This deter-
minant is a polynomial of degree 2nk in £. Let C% be the cofactor of ¥+t
in A(§, 1) and set

—hg a_gj

Wh — C E raﬂV;, Vh — WhA—l’
R =Rt v)=Va— £V

Observe that V* has been chosen so that the relation

(10.7)

(10.8) ErafRa=0
is an identity in &, 9, ¢}, - - -, v4_,. Setting
(10.9) o= gh 4 VH

we obtain formulas
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Sa=£4" + R,
10.10 b b ess b »
(1010 radads = rak 8T + RormRo.

We have the following

LEMMA 10.2. Suppose that the Legendre condition 1 holds. The functions
R}, are rational functions in £ of degree < —1 unless they vanish identically in
£ The arc z defined by

(10.11) #(s) = (2x)~12 f etgi(§)dt
is an arc in C% having no discontinuities at s=0. Moreover
P(y;n) = P(z;9) + N(v; n),

10.12 :

( ) P(y — z;9) = N(v;9)

where

(10.13) N(o;n) = f "R MR

In order to prove the first statement in the lemma the coefficient p¥ of
h .
v, in

(10.14) W' =v"a = oMl (G=0,1,---,k—1)
is the polynomial

(10.15) p =T (r=o+1,-, B
and is of degree <2nk—o—1. For each ¢ we have

(10.16) 88" = prEt gV (¢ not summed),

where 8% is the Kronecker delta and ¢ is of degree at most 2nk—k+ga.
Combining (10.14), (10.16), (10.6) and (10.7) it is found that

Wk = v:E—'—xA - q:jvi‘;’—’_l,
. = - ”:ga—'—l + A_lq:j‘vifa—’-l (a<bkr= a, -, k—1),
R: = A-lq:jvik_v—l

From these formulas it is seen that the functions R are rational functions of
£ of degree < —1 unless R:=0. This proves the first statement in the lemma.
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Since R} and # are square integrable it follows that £24* is square integra-
ble. It follows that the function z/(s) defined by (10.11) is in @% and £} =¢as
is the Fourier transform of z. Consequently g has no discontinuities at s=0.
The first of the formulas (10.12) follows from (10.10). Using (10.8) and
(10.10) we see that

M A —j A _atB Aj
Sarasfs = 1ast 2 8

and hence that
P(y — 5;9) = P(y;1) — P(3; 7).
It follows that the second formula in (10.12) holds. This proves the lemma.

LEMMA 10.3. Suppose that the Legendre condition 1 holds. The quadratic
form P(y; n) is positive definite on C% if and only if N(v; n) is positive definite
in the variables v}, - - -, v}_, for all real unit vectors u, where N(v; n) is given
by (10.13).

In view of the formulas (10.12) it follows that P(y; ) is positive on €}
for all real unit vectors % if and only if N(v; 5) is positive (and hence positive
definite) in v for all unit vectors 5. Suppose therefore that N(v; ) is positive
definite as stated. Let

Aj by 2%k—2a hj
rap(n, €) = rap(n) — eI ’7] 0apd .

Then

Y] hj
P(y;n, ) = f ras(n, €)¥aFs = P(y;n) — Q(y; 1)
where Q(y; n) is given by (9.11). Observe that Q(y; ) =||y||’ when |9] =1.
By virtue of the Legendre condition I’ the inequality
ras(n, OF7EE > 0

holds on interval 0 Se=<e¢, for all real unit vectors 7, for all real numbers ¢
and all complex vectors {#0. Let N(v; 5, €) be the quadratic form (10.13)
computed with r¥%(n) replaced by r¥%(n, €). Then N(v; 5, 0)=N(y; ). It
follows that if € can be chosen sufficiently small then N(v; 9, €) is positive in
v for all unit vectors 7 and all e on 0 Se= €. Hence P(y; 7, ¢€) is positive on
e% for these choices 7 and ¢, that is, P(y; 1) is positive definite on €* for
all unit vectors 7, as was to be proved.

COROLLARY. Suppose that the Legendre condition 1’ holds. Then P(y; ) is
pasitive definite on C, for all unit vectors n if and only if it is positive on C, for
- all unat vectors .
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Combining Lemmas 10.1 and 10.3 we obtain

THEOREM 10.1. Suppose that p=1 and that the Legendre condition 1’ holds
for the quadratic form J(x) defined in §9. Then J(x) is a Legendre form on the
class Ay (0 <b = ) if and only if the quadratic form N(v; 1) defined by (10.13)
is positive definite in the variables v}, - - -, vl_, for all real unit vectors 7.

THEOREM 10.2. Suppose that the inequality

(10.18) rasmaiy 2 0
holds for all w and all real unit vectors n. Suppose further that there is a constant
€>0 such that

hj hoj
(10.19) rdt ECE 2 e[ €]+ [T ¢
holds for all (¢, n, §) with n real. Then J(x) is positive definite on the class U,.

By virtue of Theorem 10.1 it is sufficient to show that the quadratic form
N(v; n) is positive definite in v for all n with |n| =1. Suppose that this is not
the case and select a ¥#0 and an 5 with | n[ =1 so that N(v; 7) =0. Then, by
(10.18), we have

h hj

RurasRy = 0,
hence
0 = rasRs = rasVs — res V'’
holds for all real numbers £ and hence also for all complex numbers §. We
have accordingly, with W= 1*A,
EraaVih = Eret W

In view of the relation (10.19) the determinant of the coefficients of W*
is different from zero. Consequently every root of A(§) =0 is also a root of
W*(£) =0 of the same order. This is impossible since the degree of A exceeds
that of W*. This proves the theorem.

The following further result will be useful.

LeEMMA 10.4. Suppose the condition 1’ of Legendre holds and let W* and V*

be defined by (10.7). The relation Wh=0 (h=1, - - -, n) or equivalently the
relation V*=0 (h=1, - - -, n) holds for all real numbers £ and a given set n
with ]n| =1 if and only if 1=0 (¢=0,1, - - - , k—1).

This result is an immediate consequence of the first equation in (10.17).
Consider next the subspace D7 of €% determined by the conditions (10.2).
On this class the relations
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0n=0 (G=0,1,--+,7r—1)

hold, where ¢/, is defined by (10.3). It follows that the functions W* defined
by (10.7) depend only on ¢?, - - -, v}_, and are polynomials in { of degree at
most 2nk—r—1, as can be seen by (10.14) and (10.15). For each set
v}, - - -, v}_,, not all zero, and for each n with |n| =1 we shall define an index
g(v, 1) as follows. Let F(£) be the polynomial in £ whose zeros are the common
zeros, counting multiplicities, of the polynomials W1, - - - |, W* in £ for the
given set (v, 7). We may write W* in the form W*»=_Z*F, where Z* are poly-
nomials that do not vanish simultaneously in £ The equations

(10.20) Fusk Z'(5) = 0

have no common real zeros, by virtue of the condition I’ of Legendre. Let
gt(v, 1) be the number of common zeros, counting multiplicities, having
positive imaginary parts and let ¢=(v, ) be the number with negative real
parts. Let ¢(v, n) be the larger of ¢*(v, #) and ¢~ (v, 7). Finally let ¢ be the
maximum of the integers ¢(v, #) for all 9 with |17| =tlandalle, - -, v,
not all zero. We can now establish the following

THEOREM 10.3. Let r be an integer on the range 0 Sr <k. Suppose that the
Legendre condition 1’ holds and the inequality (10.18) holds for all w and all
real unit vectors 1. If the index g defined above does not exceed r, then J(x) is
positive definite on the class &', of all arcs in W., which vanish, together with its
normal derivatives of orders <r, on the face s=0.

The proof of this result will be given in the next section. The theorem has
been established, with minor modifications, by M. Schechter for the case
n=1. The proof here given is modeled after that given by Schechter [20].

COROLLARY. Let ¢’ be the least integer such that for real unit vector n and for
polynomials Zi(£), not vanishing simultaneously, the equations (10.20) have at
most q' roots with positive imaginary parts and at most ¢’ roots with negative
imaginary parts. The conclusion of Theorem 10.3 remains valid if the index ¢’
is used in place of q in the statement of the theorem.

11. Proof of Theorem 10.3. The proof of Theorem 10.3 is based on a
sequence of lemmas, the first of which is the following

LEMMA 11.1. Let g and r be integers such that g>r>0. Let G(£) be a poly-
nomial of degree g having no real roots and having at most r roots (counting
multiplicities) on either side of the real axis. Let H(E) be a nonnull polynomial
of degree at most g—r—1. There is an integer o (0 <a <r) such that

= £H(E)
- G(§)

d¢ # 0.
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This lemma has been established by M. Schechter [20, p. 167].

LeEMMA 11.2. Suppose that the I egendre condition 1’ holds and let Vi Wi, A
Vi=WiA be the functions appearing in (10.7). Let r be an integer on the range
0<r<k. Suppose that for a given set (v, ) with

(11.1) vi=0(a<r), ‘vf(r§p<k) not all zero, [n| =
the relations

(11.2) FasVs = Fask V'

hold identically in & on — o <E< oo, Let F(£) be the greatest common divisor
of the polynomials W', - - -, W in & and set Zi=Wi/F. If the polynomials
F.E8Z1 have at most r common zeros on each side of the real axis, counting
multiplicities, then the quantities

(11.3) 4J=fgw%g (6=0,2-,r—1;h=1,++,n)

do not vanish simultaneously for the given set (v, 7).

Let K be the greatest common divisor of F and A and set G=A/K,

L=F/K. Writing (11.2) in the form
FugViG = Fui Z'L,

then G must be a divisor of 7.5£#Z7 and hence can have at most 7 zeros on
either side of the axis. By virtue of the Legendre condition I’, the polynomial
A and hence G has no real zeros. Moreover, since A is of degree 2nk and W7
is of degree at most 2nk—r—1, it follows that ZiL is of degree at most
g—r—1, where g is the degree of G. Consequently, by Lemmas 11.1 and 10.4,
the integrals

at (e=0,1,---,7r—1)

waGVde —_ fmgv ZlL
. J.o 6

do not vanish simultaneously, as was to be proved.

LEMMA 11.3. Given an integer r on 0 <r <k let D', be the class of all arcs in
C% such that

(11.4) yi0=) = 5i0+) =0  (@=0,1,---,r—1).

The Fourier transform § of arc y in ', satisfies the relations

(115) fwgvﬁj(g)dg =0 (‘7 = 0’ 17 T, — 1)'
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If ut is defined by (11.3), with

(11.6) 0 =0( <7, v =i20) D0+) —50-)] (Sr<h),
the integral

(11.7) I;n) = f P P

is identically zero on D7 for all unit vectors 7.

On the class ©% the Fourier transform 4 of y? is given by §*=§9 by
virtue of (11.4). Using (11.4) and the formula

o) = o™ f_ €90 de

it is seen that (11.5) holds. Using (11.5) it follows that I(y; 1) =0 on D%.
This proves the lemma.

We are now in a position to prove Theorem 10.3. To this end let u» be
defined by (11.3). The function «* dependson ¢?, - - -, v}_, and on 5. Suppose
that we have given a particular arc y in D7 and let v}, n satisfy (11.6). Let
Sh, 8%, %" be given by the formulas

—=hj _j o h h h h h

S"=CYE, d=9+V, d'=2-2s

where §*, V* are given by (10.4) and (10.7), C* are the cofactors appearing
in (10.7) and X is a real number to be chosen presently. Observe that S* has
been chosen so that

(11.8) £l = Fagl

and hence the integral (11.7) takes the form
10im =2 [ Relren, 9, 9)lat

where Re(V) denotes the real part of V and

hj at+B h_j

'(E’ 7 {l) =rqt § ?l
Setting (&, 0, $) =r(£, 1, §, §), we have the identity

'(E) L 72’) + 2\ Re[’(i’, 7V, S)] - )‘2"(5’ m, S)
= r(Ey 7, 2) -2\ RC[Y(E, M 91 S)]'
Using (10.10) we obtain the formula
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(11.9) Pin) = MG = [ “r(&, 1, $)dE + M(v;n)

—

where
M(v;n) = N(;n) + f {27 Re[r(&, n, V, S)] — Nr(E, , S)} k.

Using the relation (11.8) and the formula for S it is seen that

© 65." o+
(11.10) M(v;n) = N(v;n) + 2\ueite — X tiwtes f i dt.

Select A so that the quadratic form in u defined by the last two terms in
this expression is positive definite. We shall show that M(y; 9) is a positive
definite quadratic form in of, - - -, v}_, for all n with In[ =1. To this end
observe that if (v, ) are such that N(v; ) =0, then, as in the proof of Theo-
rem 10.2, the relations (11.2) hold. By Lemma 11.2 the quantities #* are not
all zero unless the quantities (11.6) all vanish. Consequently, M(v; 9) is
positive definite. Since I(y; 7) =0 on D7, it follows from (11.6) that P(y; n)
>0 for all y0 in D}, and all 9 with |n| =1,

It remains to show that P(y; ) with |n| =1 is positive definite on D%.
To this end we compute the formula (11.9) for P(y; n) —eQ(y; 1) in place of
P(y; ). This can be carried out by using 7i%— €3,48" in place of 7. One ob-
tains, on D%, a formula of the form

AL1)  Plsn) = Qin = [ ot n 5 9k + M@in, 9,

where the right-hand members reduce to the corresponding right-hand mem-
bers of (11.9) when ¢=0. It follows from continuity relations that there is a
constant €>0 such that M(v; 9, €) is a positive definite quadratic form in
o}, - - -, v_, for all 9 with |n| =1. Moreover by virtue of the Legendre con-
dition I’, the constant € can be chosen so that (£, 1, {, € >0 when | nl =1and
¢#0. We have accordingly P(y; 1) = €Q(y; 1) on D% (and hence also on D7)
for all » with norm ! 1| =1. Combining this result with that given in Theorem
9.2 one obtains Theorem 10.3.

12. Elliptic partial differential equations. Consider now an operator Ax
on the space 3¢3(T) to 3¢4(T) defined by

(12.1) A% = P00 + f K2, )2i(s)ds,
T

|a| Skji=1--,no=1_---,4q
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It is assumed that the functions p7(f) are integrable on T, the functions
p7(t) with |al =F are continuous on T, and K%(¢, 5s) are square integrable
on T'XT. The region T is assumed to satisfy the conditions described in the
paragraph preceding Theorem 6.1.

By the principal part Px of Ax will be meant the operator

(12.2) Plx = po (Da(t), |a| =k

The difference Cx =Ax— Px is a compact operator from JC; to 35, as can be
seen by the use of Theorem 6.1.

The operator A will be said to be elliptic in case at each point ¢ on the
closure T of T

(12.3) pets =0, |a| =%
holds for nonnull complex numbers {=({}, - - -, ¢") and real numbers
t=(, - - - ,tm)onlyincase£=(0, - - -, 0). Here, as before, a=(ay, - - -, am)

and Er=§£7E52 - - - £5m. Clearly, A is elliptic if and only if its principal part is
elliptic. If we set

hy oh _oj
Tag = Pa D5 ,

then the condition of ellipticity is equivalent to the Legendre condition I’
given by (8.3) for the quadratic form

(12.4) J(x) = || 4]

Combining Theorems 4.1 and 8.1 we obtain the following

THEOREM 12.1. Let X be the subclass of all functions x in 3C; such that
%l =0, Ial <k on the boundary of T. The necessary and sufficient condition that
the operator A restricled to X be of finite nullity and that its range be closed is
that A be elliptic on T.

This theorem states that if A is elliptic and is restricted to X the equations
Ax=f have a solution in X for all f orthogonal to the solutions of A*z=0,
where A* is the adjoint of A restricted to X. The theorem is accordingly an
existence theorem. Here and elsewhere we shall omit the discussion of special
cases when it is appropriate to study conditions under which 4*2=0 has
only the trivial solution.

In the next two theorems it will be assumed that the boundary is of class
®* and that each boundary point ¢, is of class u =1. Consider now a boundary
point ¢ and suppose that the coordinates have been chosen so that the #-axis
is normal to the boundary at ¢,. The operator 4 will be said to be N-elliptic
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at ¢ if the relation (12.3) holds at ¢ for complex numbers (¢, {) with
£, - - -, Emreal only in case either {=(0, - - -,0) or £=(0, - - -, 0).

THEOREM 12.2. Suppose the boundary of T is of class B* and each boundary
point is of index p=1. A necessary and sufficient condition that the operator A on
3} be of finite nullity and that its range be closed is that A be elliptic on T and
that A be N-elliptic at each boundary point of T.

This result is a consequence of Theorems 4.1 and 8.5 since the condition
of ellipticity and the condition of N-ellipticity at boundary points is equiva-
lent to the condition II1’ of Legendre for the quadratic form (12.4).

Consider now an elliptic differential equation 4 and consider a boundary
point fo. Suppose that the coordinate axes have been chosen so that the #-axis
is normal to the boundary at f. Given real numbers &, - - -, &, and poly-
nomials Zi(£1) of £, which do not vanish simultaneously, then at ¢, the poly-
nomials

P:JEaZJ) I al =k,
considered as polynomials of £ do not vanish simultaneously when £ is real,
since 4 is elliptic. However they may have common zeros which are complex.
Let 7, be the maximum number of these whose imaginary parts have like
signs and let 7 be the maximum of 7, for all choices of real numbers &, - - -, &n
and all polynomials Zi(¢;) which do not vanish simultaneously. Let r(¢) be
the smaller of 7 and k. Let ® be the subclass of all x in % such that in a
neighborhood of ¢, the relations x, =0, |a| <7(t) hold on the boundary of T.
We have the following

THEOREM 12.3. Suppose that the boundary of T is of class B* and that each
boundary point is of index u=1. If A s elliptic, then the operator A restricted
to the subspace ® described above is of finite nullity and the range of A is closed.

This result is an immediate consequence of Theorems 8.7 and 4.1 since
the quadratic form J(x) =”Ax”"' satisfies the Legendre condition V’. It is
clear that Theorems 12.1 and 12.2 are corollaries of Theorem 12.3.

13. Differentiability theorems. In the present section we shall be con-
cerned with the system

(13.1) A°X = f° (0=1,---,9

where A° is given by (12.1). It will be assumed that the coefficients p7(f)
are of class B™ on T and that the coefficients KZ(¢, s) are of class D™ in ¢
on T for almost all s on T. The functions KZ(¢, s) and its partial derivatives
of orders <r with respect to ¢ are assumed to be square integrable on T X T.
Finally it is assumed that f° is of class D and that its partial derivatives of



344 M. R. HESTENES [November

orders Sr are square integrable on every interval in T It will be convenient
to say that a function having the properties ascribed to f* is of class { on T.

THEOREM 13.1. If A is elliptic, a solution x of equations (13.1) is of class
o+ on T.

As will be seen from the proof, it is sufficient to consider the case when
r=1. Moreover we can assume that (13.1) is the simpler form

(13.2) vz =1, la| =&
since the remaining terms can be incorporated in the functions f°, Let G be
the gradient operator D,=14(3/d¢,) (r=1, - - -, m). It is easily seen that the
operator
. 5 axi . a?:j j
GAx:tpa’atr-l—tatf X (o-=1,...’q;1-=l,...’m)

is elliptic on T
Consider now a point ¢, interior to . By Theorem 7.3 there is a neighbor-
hood N of ¢y and an €>0 such that the inequality

(13.3) 164" 2 ¢|]|ess

holds for all x in 3Ciy1 vanishing on the complement of N. We can assume
that N is an interval. Let x be a solution of (13.2). Let p(¢) be a function of
class C* whose support set is interior to IV and is equal to unity in a neighbor-
hood of #. We shall prove that yi=px’ is of class DF*?. In the proof we can
assume that T coincides with N. Observe first that y is a solution of an equa-
tion of the form

o5 5 4
?G ya =8,
where g° is of class D" and vanishes near the boundary of T=N. Let y® and

g** be the h-integral means (see §5) of 5, and g, where h has been chosen so
small that y is identically zero in a neighborhood of the boundary of T. Then

oj jh

(13.4) iy =
where

o =g = [(peyh)" — piyil.

We have (y*).=(1—h)*y? by (5.6). Hence

(13.5) l64 I 2 l5lkes
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by (13.3). Using Lemmas 5.1, 5.2 and (5.5) it is seen that ¢°*, D,¢°* converge
in the mean of order two to g°, D,g° respectively. It follows from (13.4) and
(13.5) that ”y"”,m is bounded and hence converges weakly to a function in
3C:4+1. This function must coincide with y. The original function x is therefore
of class Dj*!, as was to be proved.

THEOREM 13.2. Suppose that the boundary of T is of class B**+" and each
boundary point is of index u=1. If A 1s elliptic and is N-elliptic on the boundary
of T, then under the hypothesis given at the beginning of this section a solution x
of (13.1) is in the class 3Ciyr. :

The proof is like that given for Theorem 13.1 with only minor modifica-
tions and will be omitted. It is in this proof that the special form of the
integral mean is used.

14. Further differentiability theorems. The differentiability theorems
given in the last sections are inadequate for problems in the calculus of varia-
tions. In variational problems we are concerned with solutions y of system

L(z) = J(x, y)

where L(x) is a linear functional, J(x, y) is a bilinear functional and x, y are
restricted to lie in certain subspaces of the given Hilbert space. The differ-
entiability theorems, as stated in the last section, do not apply unless J is of
the special form (12.4).

In the present section we shall assume that the Hilbert space with which
we are concerned is the Hilbert space 3¢;(7") used in the preceding pages. We
assume that L(x) and J(x, y) are of the form

L) = [ g, la| 58

(14.1) !
iz, 3) = f nraid, el Sk 8] SH

T

where the indices are those described in §6.

We make the following assumptions:

(1) The functions 25 are essentially bounded on T and the functions f}
are square integrable on 7.

(2) The functions r¥% with |a| =|B| =k are continuous on T, and there
is a constant €>0 such that

(14.2) Re(rait™ ¢ 8) = e| £ ¢

holds on T.
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(3) There is an integer s =0 such that, if we set ko=k—s-+1 when k> s,
ko=0 otherwise, then

(i) The coefficients r¥s (ko< Ial Sk) are of class Blal=¥+s on T.

(ii) The coefficients f2 (ko< |a| <k) are of class D on T.

It should be noted that we do not require that the relation #%=r%, hold
for all @, B as was done in the preceding pages.

THEOREM 14.1. Let y be a function in 3¢, =3C3(T) satisfying the conditions
(14.3) Li(x) = Ju(x, y)

for all x in the class C of all x of class C* whose support set is in T. Under the
hypotheses made above, the function y is of class i on T.

As a first step in the proof of this result let D,=14(d/d¢,) (c=1, - - -, m)
and set, for &y =< |'y| <k 0= l 6| <kg

hj—= _Jj

T = [ DalriDash + Duriysilas = [ asasia
(14.4) ! T
L) = [ DD fids [ asifio
T T

Here Ax denotes the Laplacian of x.

LEMMA 14.1. If y is in 3Ciyy, then

(14.5) Jer(x, y) = — Ju(Ax, y),  Liya(x) = — L(A%)
for all x in ©. If (13.3) holds for all x in C then
(14.6) Lipi(2) = Jiena(2, )

holds for all x in @. Moreover the functionals Jiy1, Lis1 satisfy the conditions
(1), (2), (3) of Theorem 14.1 with k replaced by k+1 and s replaced by s—1.

The relations (14.5) follow from the divergence theorem. One uses the
fact that x is identically zero in a neighborhood of the boundary of T. The
relation (14.6) follows from (14.3) and (14.5) and the fact that Ax is in €
whenever x is in @. The last statement in the theorem is readily verified.

COROLLARY. If Theorem 14.1 holds when s=1, it holds for every positive
integer s.

In view of this corollary we shall assume hereafter that s=1.
LEMMA 14.2. If s=1, one can assume that ¥’ =0 on T unless |a| =|B| =E.

This follows because for |a| <k we can replace fi by fa— 725y} and 725 by
0 without altering our hypotheses on the coefficients. If |a| =k, then our
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hypotheses imply that fi— 7%y} with 8 summed subject to the restriction
that |B| <k is of class D} and hence can replace f* provided that we replace
7% by 0, as before. This proves the lemma.

Hereafter we shall assume that 7% =0 unless || =|8| =*%.

LEMMA 14.3. If s=1 we can assume without loss of generality that T is an
interval, that y and f vanish identically on a neighborhood of the boundary of T,
and that there is a constant €>0 such that the inequality

(14.7) Re Ji(z, ) 2 ¢|all,  Re Jun(x, 1) 2 ¢|]fi
holds for all x in €.

In order to establish the differentiability of y in a neighborhood of a point
%y it is sufficient to establish the differentiability of py, where p is a function
of class C* having p=1 in a neighborhood of #. In view of Theorem 7.2 ap-
plied to Ji(x, x) + Ji(x, x) and Jisi(x, x) + Tr4a(x, x) we can select a neighbor-
hood N of ¢, such that for a suitable choice of € the inequalities (14.7) hold
for all functions x of class C* whose support set is in T. This neighborhood
N may be chosen to be an interval with its center at f,. Consider now a real
function p of class C* such that p=1 in a neighborhood of ¢, and whose sup-
port set is interior to N. Let S be the points in T at which p(¢f) =0. Then the
equations

Ti(px, y) — Li(px) = 0

can be put in the form
M Aj § - h_h
[ tomatrish - 721 - mighyar = 0
T

where vy is summed on the range 0 = I 'yl <k. The functions g, are of class £; on
T and vanish identically on S. Setting z=py we see that

h .3 .3
Za = pYa + ?a

where p! is of class D} on T and p%=0 on S. Setting

ga = fa — Fasbts la| =&,
we obtain the relation
[ s~ [dda |al = 18] =k |v] s &
N N

Replacing T by N, y by z and f by g it is seen that the conditions imposed
in Theorem 14.1 with s=1 still hold. This proves the lemma.
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In the next lemma we use the superscript & to denote the h-integral mean
of y, as described in §5 and not as an index on the range 1, - - -, # as used
above. We shall use the notation X, to be the subclass of all x in 3¢, such that
«%,=0 |a| <k on the boundary of T.

LEMMA 14.4. There is a positive number ho such that the integral mean
y* (0<h=Zho) of y is in Kiy1 and satisfies a condition of the form
(14.8) Jia(®,9") = Lun(®) 0 <k 5 h),

where L}, are linear forms on X1 such that
(14.9) 11m Lk.,.l(x) L,,.,.l(x)

for each x in Kiy1.

It is understood that the simplifications described in the preceding lemmas
have been made. Consider now the formula

) : [4) b d - ) =i .
(14.10) f PR Aer e fT £ (o) (0)dp

which holds for all x in €. For small values of & the substitution
p=0—=ht+hs

where s is restricted to T can be made. Since y vanishes in a neighborhood of
the boundary of T the condition (14.10) is equivalent to the condition that

f A OrS e = B f 2R — B Ma

for all x in @. Integrating with respect to s over T we obtain

Jo(z, ¥') = Li()
where
Li(s) = f w(OFy (0)de,

F, (:) =a-n"¢' - g =0, 8| <t

= (= B[ = raen"], la| =

Finally set, as in (13.4) with |a| =%, | 8| <k

L) = f [D.ADFY — AdiFYdr.
T
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In view of Lemma 13.1 it follows that (13.8) holds. Applying the results de-
scribed in §5 and in particular that given in Theorem 5.5 it is seen that
(14.9) holds.

LeEMMA 14.5. Given a linear form L(x) on Xiy1 there is a vector z in Ky
such that

L(x) = Jin(x, 2)
holds for every x in Xy,

In view of the relations (14.7), this result is a corollary to Theorem 4.2.
We are now in position to complete the proof of Theorem 14.1. By virtue
of the last lemma we may select z in %41 so that

Li1(%) = Jena(z, 2)
for all x in X;41. Combining this result with (14.10) we see that

}‘im Jeri(x, %) = Jen(x, 2)
=0

for every x in Xi41. It follows from Lemma 14.5 that y*—z and consequently
that z=y. The function y is accordingly in X1, as was to be proved.
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